Abstract. A structure of a left-symmetric algebra on the set of all derivations of a free algebra is introduced such that its commutator algebra becomes the usual Lie algebra of derivations. Left and right nilpotent elements of the left symmetric algebra of derivations are described. It is also proved that the left symmetric algebra of derivations of a free nonassociative symmetric m-ary algebra in one free variable is almost generated by one derivation.
Introduction
If A is an arbitrary linear algebra over a field k then the set Der k A of all k-linear derivations of A forms a Lie algebra. If A is a free algebra then it is possible to define a multiplication · on Der k A such that it becomes a left-symmetric algebra and its commutator algebra becomes the Lie algebra of derivations Der k A of A. The language of left-symmetric algebras is more convenient to describe some combinatorial properties of derivations.
Recall that an algebra L over k is called left-symmetric [3] if L satisfies the identity (xy)z − x(yz) = (yx)z − y(xz). (1) This means that the associator (x, y, z) := (xy)z − x(yz) is symmetric with respect to two left arguments, i.e., (x, y, z) = (y, x, z).
The variety of left-symmetric algebras is Lie-admissible, i.e., each left-symmetric algebra L with the operation [x, y] := xy−yx is a Lie algebra. A linear basis of free left-symmetric algebras is constructed in [7, 19] .
In Section 2, we consider the set of algebras with one m-ary multilinear operation which will be denoted by ·, ·, . . . , · m (m ≥ 2) and define a left-symmetric product on the set of all derivations of a free algebra with one m-ary operation. It is shown that a derivation of a free algebra is left nilpotent in the left-symmetric algebra of derivations if and only if it is a locally nilpotent derivation. This property cannot be described in the language of Lie Supported by an NSF grant DMS-0904713 and by an MES grant 1226/GF3 of Kazakhstan; Eurasian National University, Astana, Kazakhstan and Wayne State University, Detroit, MI 48202, USA, e-mail: umirbaev@math.wayne.edu algebras of derivations since the subalgebra of a Lie algebra generated by one element is one dimensional. It is also proved that derivations with nilpotent Jacobian matrices are right nilpotent.
In Section 3 we prove that the left-symmetric algebra of derivations of a free nonassociative symmetric m-ary one generated algebra is almost generated by one element. The study of m-ary symmetric algebras is motivated by an approach to the Jacobian Conjecture by L.M. Drużkowski and K. Rusek [6] , G. Gorni and G. Zampieri [12] , and A.V. Yagzhev [28] , which reduces the study of the Jacobian Conjecture to the study of symmetric ternary algebras with an Engel identity. Some examples are discussed in Section 4 and some open questions are formulated.
Left-symmetric product
Let M be an arbitrary variety of m-ary algebras over k and let A = k M x 1 , x 2 , . . . , x n be the free algebra of M in the variables x 1 , x 2 , . . . , x n . If M is a unitary variety of algebras then we assume that A contains the identity element 1. For any n-tuple F = (f 1 , f 2 , . . . , f n ) t of elements of A, where t is the transposition, denote by
Note that this form is unique for any derivation D ∈ Der k A. For any u = a∂ i and v = b∂ j , where a, b ∈ A, put
Extending this operation by distributivity, we get a well defined bilinear operation · on Der k A. Denote this algebra by L (A). by the definition. Taking into account that [x, y] and {x, y} are both derivations, we can assume that a = x t . So, it is sufficient to check that
We may also assume that x = u∂ i and y = v∂ j . If t = i, j, then all components of the last equality are zeroes. If t = i = j or t = i = j, then it is also true. This proves (i).
Assume that x, y ∈ L (A) and z = a∂ t . Then
To prove (1) it is sufficient to check that
This follows immediately from (i).
Denote by L n the left symmetric algebra of all derivations of the polynomial algebra k[x 1 , x 2 , . . . , x n ]. The commutator algebra of L n becomes the Witt algebra W n of index n. Identities of L n are studied by A.S. Dzhumadildaev [8, 9] . If n = 1 then L 1 becomes a Novikov algebra and identities of L 1 are studied in [15] Consider the grading
where A i the space of homogeneous elements of degree i ≥ 0. The left-symmetric algebra L (A) has a natural grading
where L i the space of elements of the form a∂ j with a ∈ A i+1 and 1 ≤ j ≤ n. Elements of L s are called homogeneous derivations of A of degree s.
If A has the identity element then
and is isomorphic to the matrix algebra M n (k). The element Proof. Suppose that D = D F and put
for all i ≥ 1. Note that H 1 = F . We have also
by the definition of the left symmetric product. By induction on i and (2) Following [23, 24] , we give a short definition of the universal (multiplicative) enveloping algebra A e and the universal derivation Ω : A → Ω A of the free algebra A = k M x 1 , x 2 , . . . , x n . Consider C = k M x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y n where y 1 , y 2 , . . . , y n are new variables. Denote by Ω A the subspace of all homogeneous of degree 1 elements of C with respect to the variables y 1 , y 2 , . . . , y n . Denote by Ω :
for all x ∈ Ω A . If m = 2 then U 1 (b) becomes the (universal) operator of right multiplication r b and U 2 (b) becomes the operator of left multiplication l b in the notations of [23] .
The universal enveloping algebra A e of A is the associative k-algebra (with identity) generated by all
The elements u i = ∂b ∂x i are called the Fox derivatives of b ∈ A [23, 24] . Recall that any n-tuple F = (f 1 , f 2 , . . . , f n ) t of elements of A can be considered as the endomorphism F of A such that F (x i ) = f i for all i. Denote by J(F ) = (∂ j (f i )) 1≤i,j≤n the Jacobian matrix of F . An analogue of the Jacobian Conjecture for the free algebra A can be formulated as follows: If J(F ) is invertible over A e then F is an automorphism of A. This conjecture is true for free associative algebras [4, 18] , for free Lie algebras and superalgebras [17, 21, 22, 29] , and for free nonassociative, commutative (characteristic = 2), and anticommutative algebras [26] (see also [23, 24] ).
Notice that every derivation D of A has the form D = D F for some n-tuple F . We put J(D) = J(F ). So, the Jacobian matrix of every derivation of A is defined.
Lemma 3. Let F and G be two arbitrary n-tuples of elements of A. Then
Proof. Notice that for any h ∈ A we have
Consequently, using (2) and the last equality, we get
the operators of left and right multiplication by x, respectively. It follows from (1) that
Denote by M(L ) the associative algebra (with identity) generated by all R x , L x , where x ∈ L . Algebra M(L ) is called the multiplication algebra of L . In many cases M(L ) is isomorphic to the universal enveloping algebra L e , but it is not true in general case.
The structure of the universal enveloping algebras of left-symmetric algebras is studied in [13] .
Lemma 4. Let D be an arbitrary element of L (A). Then the Jacobian matrix J(D) of D is nilpotent if and only if R D is a nilpotent element of M(L (A)).
Proof. It follows from Lemma 3 that
This proves the lemma.
Symmetric algebras
It is reasonable to call an algebra A over k with one m-ary multilinear operation ·, ·, . . . , · symmetric if
for any x 1 , x 2 , . . . , x m ∈ A and for any σ ∈ S m , where S m is the symmetric group on m symbols. If m = 2 then a symmetric algebra becomes a commutative (non-associative) algebra.
There are many possible ways to define an Engel condition for m-ary algebras if m > 2. We choose the weakest one. Let A be an m-ary symmetric algebra. For any a 1 , a 2 , . . . , a m−1 ∈ A the multiplication operator M(a 1 , a 2 , . . . , a m−1 ) : A −→ A is defined by x → a 1 , a 2 , . . . , a m−1 , x for all x ∈ A (M is just a multiplication operator and is not universal as in Section 2). We say that A is an Engel algebra if there is a natural number p such that M(a, a, . . . , a) p = 0 for all a ∈ A. For m = 2 this is the standard definition of an Engel algebra [30] . In this section we assume that k is a field of characteristic 0. Consider an arbitrary n-tuple H = (h 1 , h 2 . . . , h n ) t of elements of the polynomial algebra k[x 1 , x 2 , . . . , x n ]. We say that H = (h 1 , h 2 . . . , h n ) t is homogeneous of degree m if all h i are homogeneous of degree m. It is well known [11] that a homogeneous n-tuple H has nilpotent Jacobian matrix J(H) if and only if the Jacobian j(X + H) of the endomorphism X + H = (x 1 + h 1 , x 2 + h 2 , . . . , x n + h n ) is 1. The well known Jacobian Conjecture is reduced to the study of endomorphisms of the form X + H where H is homogeneous of degree 3 by Bass-Connel-Wright [1] and Yagzhev [27] .
Let H = (h 1 , h 2 . . . , h n ) t be an n-tuple of homogeneous elements of k[x 1 , x 2 , . . . , x n ] of degree m. Consider the n dimensional vector space k n and consider a "generic" element X = (x 1 , x 2 , . . . , x n ). Then we can write H = H(X). The polarization [5, 14] (or full linearization)
of H, where X 1 , X 2 , . . . , X m are different "generic" elements, [m] = {1, 2, . . . , m} and |µ| is the cardinality of µ, defines a unique m-ary symmetric operation on k n . We denote this algebra by A(H). Obviously, the restitution X, X, . . . , X gives again H [5, 14] .
The significance of the algebra A(H) is that the Jacobian matrix J(H) is nilpotent if and only if the symmetric algebra A(H) is an Engel algebra. This fact has been noticed by L.M. Drużkowski and K. Rusek [6] , G. Gorni and G. Zampieri [12] . Abstract algebraic terms like ternary algebras and an Engel condition were first used by A.V. Yagzhev [28] . Suppose that J(H) is nilpotent and let F be the free algebra in one variable X of the variety of algebras generated by A(H), i.e., F is an algebra generated by the "generic" element X. Algebra F is not nilpotent by G. Gorni and G. Zampieri [12] . A.V. Yagzhev [28] noticed that to prove the classical Jacobian Conjecture it is sufficient to prove that the endomorphism of F defined by X → X + X, X, . . . , X is an automorphism of F . Algebra F is an m-ary algebra. Notice that the left-symmetric algebra L (F ) is a binary algebra. We prove that L (F ) is "mainly" generated by one element. In fact every statement about F can be reformulated in the language of L (F ). 
It is well known [31] that every nonassociative word w of length l(w) > 1 has a unique decomposition w = w 1 , w 2 , . . . , w m .
Let u, v be two nonassociative arbitrary words.
A nonassociative word w is called reduced if w = Λ or w = x or w = w 1 , w 2 , . . . , w m and w 1 ≥ w 2 ≥ . . . ≥ w m are reduced words. Obviously, every element of B is a linear combination of reduced words [20] .
Let S = kx∂ x + D be the subalgebra of L (B) generated by D and the right identity x∂ x . We prove that w∂ x ∈ S for every reduced word w of length l(w) ≥ 1. Every reduced word w of length l(w) > 1 can be written uniquely as w = w 1 , w 2 , . . . , w m , where w 1 ≥ w 2 ≥ . . . ≥ w m are reduced words of length ≥ 1. We put ρ(w) = i if l(w i ) > 1 and w i+1 = . . . = w n = x. Notice that ρ(w) is not defined only if w i = x for all i. In this case we have w∂ x = D ∈ S.
Let w be a reduced word with minimal (l(w), ρ(w)) such that w∂ x / ∈ S (pairs (l(w), ρ(w)) are compared lexicographically). Put ρ(w) = i. Then w = w 1 , w 2 , . . . , w m , where w 1 ≥ w 2 ≥ . . . ≥ w m are reduced words of length ≥ 1, l(w i ) > 1, and w i+1 = . . . = w n = x. Put u = w 1 , w 2 , . . . , w i−1 , x, . . . , x . Note that l(u) < l(w) and w i ∂ x , u∂ x ∈ S by the choice of w. Consequently, w i ∂ x u∂ x = (n − i + 1)w∂ x + t∂ x ∈ S, where t is a linear combination of nonassociative words u such that l(u) = l(w) and ρ(u) < ρ(w). Again t∂ x ∈ S by the choice of w. Consequently, w∂ x ∈ S, i.e., a contradiction.
Examples and questions
As in Section 2, let M be an arbitrary variety of m-ary algebras over k and let A = k M x 1 , x 2 , . . . , x n be the free algebra of M in the variables x 1 , x 2 , . . . , x n . By Lemma 2, left nilpotent elements of the left-symmetric algebra L (A) are locally nilpotent derivations of the free algebra A. It is not easy to describe locally nilpotent derivations. There are many interesting results in the case of polynomial algebras [11] . It was proved by R. Rentschler [16] that every locally nilpotent derivation of k[x, y] is triangulable. H. Bass [2] proved that the locally nilpotent derivation
cannot be put into a triangular form. It is easy to check that D 1 is not right nilpotent. So, the left nilpotency of derivations does not imply their right nilpotency. Consider the automorphism
of the polynomial algebra k[x, y, s, t] studied A. van den Essen [10] and by G. Gorni and G. Zampieri [12] . This automorphism gives the derivation
with nilpotent Jacobain matrix [11] . Lemma 4 implies that D 2 is right nilpotent. Put w = xt − ys. It is easy to check that This problem is especially interesting in connection with Section 3.
Problem 3. Describe necessary and sufficient conditions that subalgebra of L (A) generated by one element D is nilpotent (or finite dimensional)?
Notice that the left-symmetric algebras D 1 and D 2 generated by D 1 and D 2 , respectively, are infinite dimensional.
